rE(  »ORT  SECTTON 

|n*AVAL   POSTflWAOUATE   SCHOOL 
M©**e«*r.  CALft-OKNtA     93*40 


NPS-55Tc74081 


NAVAL  POSTGRADUATE  SCHOOL 

Monterey,  California 


OPTIMAL  REPLACEMENT:   AN  EXTENSION 

TO  CONSUMER  DURABLES 

by 

Katsuaki  Terasawa 

and 

David  Whipple 

August  1974 


Approved  for  public  release;  distribution  unlimited, 


Prc>pared  for: 

'al  Postgraduate  School 

FEDDOCS  iterey,   California  93940 

D208.U/2:NPS-55Tc74081 


NAVAL  POSTGRADUATE  SCHOOL 
Monterey,  California 

Rear  Admiral  Isham  Linder  Jack  R.  Borsting 

Superintendent  Provost 


The  work  reported  herein  was  supported  in  part  by  the  ONR  Foundation 
Research  Program. 

Reproduction  of  all  or  part  of  this  report  is  authorized. 
This  report  was  prepared  by: 


SECURITY  CLASSIFICATION  OF  THIS  PAGE  (When  Data  Entered) 


REPORT  DOCUMENTATION  PAGE 

READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 

1.     REPORT  NUMBER 

NPS-55Tc 74081 

2.  GOVT   ACCESSION   NO. 

3.     RECIPIENT'S  CATALOG  NUMBER 

4.     TITLE  (and  Subtitle) 

Optimal   Replacement:      An  Extension   to 
Consumer  Durables 

5.     TYPE  OF   REPORT  &  PERIOD  COVERED 

Technical   Report 

6.     PERFORMING  ORG.   REPORT  NUMBER 

7.     AUTHORS 

Katsuaki  Terasawa 
David  Whipple 

8.     CONTRACT  OR  GRANT  NUMBERf*) 

9.     PERFORMING  ORGANIZATION   NAME   AND  ADDRESS 

Naval  Postgraduate  School 
Monterey,   California,   93940 

10.     PROGRAM  ELEMENT,  PROJECT.   TASK 
AREA  *   WORK  UNIT  NUMBERS 

61152N;  RR000-01-10; 
PO-4-0001 

II.     CONTROLLING  OFFICE  NAME  AND  ADDRESS 

Naval  Postgraduate  School 
Monterey,   California,   93940 

12.     REPORT  DATE 

August    1974 

13.     NUMBER  OF  PAGES 

14.     MONITORING  AGENCY  NAME  ft    ADDRESSf//  different  from  Controlling  Office) 

Chief  of  Naval  Research 
Arlington,  Virginia    22217 

15.     SECURITY  CLASS,  (of  thla  report) 

Unclassified 

15a.     DECLASSIFI  CATION/  DOWN  GRADING 
SCHEDULE 

16.     DISTRIBUTION  STATEMENT  (of  this  Report) 

Approved   for  public   release;    distribution  unlimited. 

17.     DISTRIBUTION  STATEMENT  (of  the  abatract  entered  In  Block  20,  It  different  from  Report) 

18.     SUPPLEMENTARY  NOTES 

19.     KEY  WORDS  (Continue  on  reverse  aide  It  neceaaary  and  Identify  by  block  number) 

Optimal   replacement 
Consumer  durables 
House 

20.     ABSTRACT  (Continue  on  reverse  aide  It  neceaaary  and  Identify  by  block  number) 

The  problem  of  determining   the  optimal  procedure   for   the   replacement   of 
capital  or  military  equipment  has  been  the  subject  of  numerous   studies. 
However,    having  been  conceived  and  developed  in  conjunction  with   investment 
and   inventory,    the  study  of  optimal  replacement  has   never  been  effectively 
extended   to   the  area  of  consumer  durable  goods. 

(cont.    on  next   page) 

DD  ,  :°NRM73  1473 


EDITION  OF    1  NOV  65  IS  OBSOLETE 
S/N    0102-014-  6601   | 


UNCLASSIFIED 


SECURITY  CLASSIFICATION  OF  THIS  PAGE  (Whan  Data  Entered) 


UNCLASSIFIED 


.LCUWITY  CLASSIFICATION   OF   THIS  P  *GE(When  Dmtm  Entered) 


The  primary  objective  of  this  paper  is  to  study  such  a  problem  within 
the  inter-temporal  utility  maximization  framework  in  which  a  consumer  has 
a  finite,  fixed  time  horizon  and  derives  satisfaction  from  the  consumption 
of  both  durable  and  non-durable  goods.   In  particular,  family  housing  is 
used  to  illustrate  the  choice  process. 


UNCLASSIFIED 


SECURITY  CLASSIFICATION  OF  THIS  PAGE(TWi»n  Dmtm-  Bntmrmd) 


Optimal  Replacement:  An  Extension 
to  Consumer  Durables* 


by 
Katsuaki  Terasawa 
and 
David  Whipple 

The  problem  of  determining  the  optimal  procedure  for  the  replacement 
of  capital  or  military  equipment  has  been  the  subject  of  numerous  studies. 
However,  having  been  conceived  and  developed  in  conjunction  with  investment 
and  inventory,  the  study  of  optimal  replacement  has  never  been  effectively 
extended  to  the  area  of  consumer  durable  goods. 

The  primary  objective  of  this  paper  is  to  study  such  a  problem  within 
the  inter-temporal  utility  maximization  framework  in  which  a  consumer  has 
a  finite,  fixed  time  horizon  and  derives  satisfaction  from  the  consumption 
of  both  durable  and  non-durable  goods.   In  particular,  family  housing  is 
used  to  illustrate  the  choice  process. 


* 

This  paper  benefitted  greatly  from  the  comments  of  James  Quirk  and  the 

anonymous  referee.   The  remaining  errors  of  commission  or  omission  are  of 
course  our  own  responsibility. 


I.   INTRODUCTION 

The  problem  of  determining  the  optimal  procedure  for  the  replacement 
of  capital  or  military  equipment  has  been  of  constant  concern  to  industrial 
firms  and  military  organizations.   Although  numerous  studies  exist  in  this 
area,   having  been  conceived  and  developed  in  conjunction  with  investment 

and  inventory  theory,  the  study  of  optimal  replacement  has  never  been 

2 
effectively  extended  to  the  area  of  consumer  durables. 

The  primary  objective  of  this  paper  is  to  examine  such  a  problem 

3 
within  an  inter-temporal  utility  maximization  framework,   in  which  a  consumer 

4 
has  a  finite,  fixed  time  horizon  (T)   and  derives  satisfaction  from  the 

consumption  of  both  durable  and  non-durable  goods.   In  particular,  we  choose 

housing  as  the  consumer  durable  upon  which  we  base  our  discussion.   The 

following  section  introduces  a  fairly  detailed  exposition  of  the  model,  in 

which  replacement  occurs  once.   Section  3  derives  and  characterizes  the 

optimal  consumption  sequence.   The  well-known  Fisherian  result  is  observed, 

i.e.,  that  the  optimal  consumption  sequence  is  increasing  (decreasing) 

provided  the  ratio  of  interest  rate  to  the  subjective  time  preference  is 

larger  (smaller)  than  unity.   Section  4  considers  the  problem  of  comparative 

dynamics,  i.e.,  changing  parameters  such  as  the  price  of  a  new  house  or  the 

market  rate  of  interest  and  observing  the  corresponding  changes  in  the 

consumption  sequence.   It  is  noted  that  the  change  in  the  price  of  a  new 

house  shifts  the  entire  consumption  sequence  either  upward  or  downward 

depending  upon  what  happens  to  the  final  stock  of  wealth  as  the  price  changes. 

The  ambiguity  of  the  results  presented  arises  because  of  the  presence  of 
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"wealth  effect"  which  correspond  closely  with  the  comparable  "income  effects" 
of  static  analysis.   The  changes  in  the  market  rate  of  interest  have  a  more 
complex  effect  upon  the  consumption  sequence  than  the  price  change.   The  effect 
of  price  changes  and  interest  rate  changes  upon  the  optimal  replacement  time 
is  also  examined. 
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II.   THE  MODEL 

Consider  a  consumer  who  at  present  owns  a  house,  but  has  the  option  to 
replace  it  some  time  in  the  future.   He  would  like  to  determine  his  optimal 
sequence  of  saving  and  consumption,  as  well  as  the  optimal  point  in  the  future 
to  replace  the  house,  given  a  finite,  fixed  time  horizon.    He  derives  utility 
from  the  house  in  which  he  lives,  from  the  rest  of  goods  and  services  he 
consumes,  and  from  the  final  stock  of  wealth.   Thus  the  consumer's  discounted 
present  value  of  utility  consists  of  the  sum  of  his  discounted  instantaneous 
utility  and  the  discounted  utility  of  his  final  stock  of  wealth.   We  assume 
that  the  use  value  of  a  house  can  be  approximated  by  its  size  and  quality, 
as  well  as  environmental  considerations  such  as  the  nature  of  the  school 
district,  tax  rate,  zoning,  neighborhood,  etc.   We  also  assume  that  this  use 
value  declines  over  the  years  due  to  general  wear  and  tear  and  obsolescence. 

We  will  use  the  following  notation: 

y       -    (Exogenously  given)  income  at  time  t. 

C       -   consumption  of  goods  and  services,  excluding  housing, 
at  time  t. 

h       -   the  use  value  of  house  at  time  t. 

h       -   use  value  of  the  old  house  at  the  time  of  its 
purchase   t  ^  0 

hx      -   use  value  of  the  new  house  at  the  time  of  its  purchase  t 
p       -   depreciation  rate  of  a  house. 

U(C  ,h  )-  utility  at  time  t. 

u       -  the  consumer's  rate  of  time  preference. 

WT      -  final  stock  of  wealth. 

V(W^)    -  utility  of  the  final  stock  of  wealth. 
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s  -  T-component  vector  of  periodic  saving,   s  . 

*  * 

t  -  the  replacement  time,  i.e.,  at  time   t    he  sells 

his  old  house  and  buys  a  new  one. 

P  -  the  price  of  a  new  house, 

r  -  the  market  rate  of  interest, 

d  -  the  individual's  mortgage  payment  at  time   t. 


Then  the  discounted  present  value  of  utility  is  given  by 


X 
ns,t*,P)  =  I      U(C   h  )(1  +  y)1_t  +  V(W  )(1  +  M)1_T  (1.1) 

t=l 


where  (.  O^'V  ,      *    , 

the  t=l,...,t-l 

^     I        nO   A  (1-la) 

Vh  e  t  =  t  ,...,T 


We  assume  that  the  size  of  one's  mortgage  payment   d  ,   is  non-negative, 
known  with  certainty  and  equal  to   d  as  long  as  the  old  house  is  occupied 
(i.e.,  for   t  =  l,...,t  -  1),  and  equal  to   f(P)   thereafter  (i.e.,  for 
t  =  t  ,..  .,T),  with   f'  (P)  >  0. 

If  we  analogously  define  m   as  the  exogenously  given  maintenance  cost 
of  the  occupied  house  at  time   t,  with  m  (x)  being  the  maintenance  cost  of 
the   i     (i.e.,  either  old   (i=0)  or  new  (i=l))  house  of  age  x,  then  we  may 
write 


Cfc  =  Yt  -  sfc  -  dt  -  mt  t  =  1,...,T  (1.2) 
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* 
d  t  =  1,. ..  ,t 

(1.2a) 

f(P)  t  =  t*+l,...,T 

0    *  * 

m  (t-tQ)         t  =  l,...,t  -1 

(1.2b) 


t 


1     ■%  ^ 

m  (t-t  )         t  =  t  ,. . . ,T 


Further,  note  that  one's  stock  of  wealth  at  time  t,  W  ,   is  the  sum 
of  one's  stock  of  savings,   s   and  the  equity  in  one's  home.   Equity  at  time 
t   is  the  difference  between  the  market  value  of  the  house,   H   and  the 
outstanding  debt  on  it,   D  . 

In  particular,  we  are  interested  in  the  equity  value  of  his  old  house 

*   0 
at  time  t  ,  E  *. 

Et*  =  Ht*  "  Dt*  (1-3a) 

We  may  write  the  market  value  of  the  old  house  at  the  time  of  its  sale 
as  an  increasing  function  of  both  its  use  value  and  the  price  of  new  housing. 
Thus, 

Ht*  =  H(ht*'  P)  (1'3b) 

Next,  writing  the  outstanding  debt  on  his  old  house  in  terms  of  the 

original  debt  level  and  the  rate  of  interest  we  have: 

t*  (7) 

0         t*   0   -  r       t-1      ^ 
D"  =  (l+r)C  D^  -  d  I      (l+r^  x  i  0  (1.3c) 

t*  °     t=l 


-  7  - 


Thus,  letting  0(P)   be  the  downpayment  on  the  new  house  such  that 
we  have: 


st  +  (1  +  r)S{._1  t  t   t*,  t  =  1,...,T 


S.  = 


»  (1.3) 


st  +  (1  +  r)St_1  +  {E°^  -  0(P)}    t  =  t' 


~  =  0'(P)  €(0,D,  0(0)  =  0. 

Thus,  given  the  initial  stocks  of  saving   S   and  debt   D  ,   we  can  express 

S   as  follows: 
t 

(l+r)tS()  +  I    (l+r)t-ksk  t  =  l,...,t*-l 

St  M  t  *  0..31) 

(l+r)^  +  I    (l+r)1   \  +   (l+r)*  t      {E°*-0(P)} 
U   k=l         k  C 

t  =  t  ,.  .  .  ,T 

Next,  writing  the  market  value  of  the  new  house  at  the  end  of  the  horizon 
as  a  fraction  of  the  cost  per  use  value  multiplied  by  the  total  use  value  at 
time  T  we  have 


H^  =  Y(P/h1)h^,  Y  €(0,1)  (1.4a) 


And,  since  the  outstanding  debt  on  the  new  house  at  time  T  may  be 

expressed  as 

*  T  ■>■ 

vl   =  (l+r)T-t  {P-0(P)}  -  f(P)       (l+r)t"t  -1  >  0  (1.4b) 

1  t-t*+l 
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-  8 
given  t,    the  time  period  allowed  to  complete  the  debt  payment, 

we  may  write 

D1  =  (P-0(P)}  B(t*) 


where 


1  -  (l+r)T-(t*+E) 
B(t*)  =  ± 5JiU e  [0>1] 

1  -  (l+r)_t 


at 


(1.4b1) 


Thus,  since  final  wealth  equals  the  stock  of  savings  plus  equity  we  have: 


T-k 


T-t*  r„0 


(1+r)  S_  +  I    (1+r)   s,  +  (1+r)1    {E^*  -  0(P)} 
U  k=l        *  Z 


wT  = 


+  Y(P/h1)h1  -  (P  -  0(P)}  B(t*) 


T 

I 

k=l 


T 
(l+r)TSQ  +  I    (l+r)T"ksk  +  H(h£,P) 


for  t*  <   T 


(1.4) 


TO 


-  (l+r)X+  5   I   (1+r> 
t=l 


t-1 


for  t   >  T 


Thus,  we  wish  to  maximize  (1.1)  above  with  respect  to   s  and   t   for 
the  given  price  of  the  new  house,  subject  to  (1.1a)  through  (1.4)  above, 
plus  (1.5)  through  (1.8c)  below  which  are  the  usual  boundry  and  convexity 
constraints. 


C  ;>  0 


& 


V  t 


(1.5) 


S  *  ^  0 


(1.6) 


wT  £  0 


(1.7) 
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U(Ct,ht)    >   0,   V(WT)    >   0  for     Ct,h_   >0,y0 


(1.8a) 


W-  0(cf  V  >  °'  af  u(ct'V  >  °>  W-  U(0>V  ■  ~> 


dW^  V(WT)    >    °» 


for  Ct,ht   >   0,      WT  ^  0, 


(1.8b) 


2  2 

-~  U(C.  ,h  )    <   0,  -~  V(W  )    <   0  for  C    ,h     >   0,   W _  a  0.  (1.8c) 

3<T         C     C  dW^ 
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III.   DERIVATION  AND  CHARACTERIZATION  OF  THE  OPTIMAL  CONSUMPTION  SEQUENCE 
The  maximization  can  be  performed  in  two  steps: 

(A)  Maximize  the  discounted  present  value  of  utility  with  respect  to 
s  ,    t  =  1,...,T  for  given  P  and  t  . 

(B)  Perform  the  above  operation  for  every  t  =  1,...,T  +  1  for  the  given 

P  and  choose  t   which  maximize  the  discounted  present  value  of  utility. 

We  note  that  since  the  characterization  of  the  optimal  consumption 

*   10 
sequence  is  invariant  under  different  values  of   t  ,     it  suffices  to 

perform  step   (A)   above  in  order  to  characterize  the  optimal  consumption 

sequence. 

We  form  the  following  Lagrange  function: 

rp 

L  =  I     U(yt  -  at  -  dfc  -  Vht)(1  +  VO  '  "  +  (1  +  y)1_TV[(l+r)TS0 

+  I      (1  +  r)T"ksk  +  (1  +  r)T-t  {E°*  -  0(P)}  +  yCP/h1)^      (1>9) 

-  {P  -  0(P)}  B(t*)]  +  ast*  +  3WT 
where  a, 6   are  the  Lagrange  multipliers  associated  with  S  *  ^  0,  W  ^  0. 

%*%(&$*  *-«-w t 

(Equality  holds  for   S  .,W  >  0) 

For  the  case  of  an  interior  maximum,  i.e.,   S  .jW^  >  0,   we  derive 

t*   1 

from  (1.8)  and  (1.10)  above  the  following  three  possibilities  depending 


-  11  - 


upon  the  relationship  between  housing  consumption  and  the  consumption  of 
other  goods  and  services  in  the  utility  function. 

32U 
Case  a  If  their  consumption  is  independent,  i.e.,   ■  ■  ■  -,  •  =  0   then  the 

■  ■  ■  oL  all 

t    t 

optimal  consumption  sequence  %  C  |      is  strictly  increasing,  constant 

t=l 

and  strictly  decreasing  for   r  >  u,  r=u,  r  <  u,  respectively. 

32U 
Case  b   If  they  are  non-complements,  i.e.,         ^  0  then  the  optimal 

2    2  t*     7    J   T 

consumption  sequences  JC  ?    ,  |C  j         are  both  strictly  increasing 

f  t=l   *   *  t=t*+l 

and  non-decreasing  for  r  >  u,  r  =  u,   respectively. 

2 
3  U 
Case  c   If  they  are  non-substitutes,  i.e.,    ■  _,   ^  0  then  the  optimal 


8Ct3ht 


t*    >^  j      T 


consumption  sequences  |C  |     ,  ?C  \  are  both  non- increasing  and 

>    c>  t=l   ?   >  t=t*+l 

strictly  decreasing  for  r  =  u,  r  <  u,   respectively. 

We  note  in  all  of  the  three  cases  the  importance  of  the  relative 
magnitude  of  the  interest  rate  to  the  rate  of  subjective  time  preference 
in  determining  the  optimal  consumption  sequence.   In  general  if  the  interest 
rate  is  greater  than  the  rate  of  time  preference,  it  is  preferable  to  save 
more  now  and  earn  the  interest  which  can  be  spent  later  without  undue  sacri- 
fice.  The  converse  also  holds. 
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IV.   COMPARATIVE  DYNAMICS 

First  consider  the  effect  of  a  change  in  the  price  of  the  new  house, 

I  I   T 

P,   on  the  optimal  consumption  sequence  |C  i     and  the  optimal  replacement 

t=l 
timing  t  : 

From  (1.10)  above  we  derive  the  following 


mhc       /,    .      \  i-j 


1  +  r 


1  =lfTTJ  f°r   St*'WT  >   °  and   i'J^.-'-.T-  (1-11) 


8U/3C. 

l 


Differentiate  (1,11)  with  respect  to  P   to  obtain 


dC.      /32U/ar,2. 

J/dP   /    /3Cl\/l  +  r1 


dC.      V  .2TT   0/\l  +  u 

VdP  X  3  U/9C? 


>   0  (1.12) 


for   S  .  >  o,W_,  >  0  and  i,j=l T. 

tx      l 

which  states  that  the  price  change  will  shift  the  whole  consumption  sequence, 
Thus  if  we  know  what  happens  to  the  level  of  consumption  in  any  one  period, 
we  know  for  the  rest  of  periods.   Proposition  1  and  its  corollary  state 
that  if  we  know  what  happens  to  the  final  stock  of  wealth  as  the  price 
changes,  we  can  tell  the  corresponding  changes  in  the  optimal  consumption 
sequence  and  the  present  value  of  utility,   ¥  . 


Proposition  1 

11 
For  given  t*,   if   S  *,W  >  0,   then  dW  /dP  ^  0  Implies 

(i)    dC  /dP  ;>  0  Vt,    (ii)    dH'/dP  >  0    (and  equality  holds  for  dWT/dP  =  0) 
Prbof:      (i)   To  show  dC  /dP  >   0  V  t=l,2,...,T. 
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dW/dP  ^  0  implies  —  V'(W  )  ^  0  by  strict  concavity  of  V(W  ). 

T-t 

Vt. 


dht  32U  dCt 

However  -rr—     =  0  and  — -  <  0   imply  — —  ^  0  Vt. 
dP            __2        r  dP  . 

3Ct 


Q.E.D. 


(ii)   To  show  dY/dP  s>  0 

Differentiate  (1.1)  with  respect  to  P  to  obtain 

dY  _  I      3U   dCt  ,      1-t   dV  dWT  M  ,   .1-T  ..    ,_. 

dP  "  X   ^7  dP"  (1  +  U)    +dw~dp-(1  +  y)  <1.13> 

t=±   t  >p 

By  the  result  above  dC  /dP  £  0  Vt  and  by  hypothesis  dW_/dP  ^  0,   we 
have  d^/dP  ^  0. 

Q.E.D. 
Corollary  1 

For  given  t*  assume  S  ^,WT  >  0,   then  dW  /dP  <  0  implies 

(i)     dC  /dP  <  0  Vt,     (ii)     dV/dP  <  0. 

In  general,  it  is  not  possible  to  find  the  directional  change  of  the 
optimal  replacement  time   (t*)   as  the  price  of  a  new  house  changes.   The 
change  of  the  replacement  time  in  either  direction  would  have  both  a 
positive  and  negative  effect  on  the  utility.   However,  by  positing  some 
additional  restrictions  on  the  nature  of  the  utility  functions  and  the  end 
conditions,  we  obtain  the  following  two  propositions  with  opposite  results. 

Proposition  2-1 

If  (1)  the  optimal  final  stock  of  wealth  associated  with  the  different 
prices  of  a  house  are  the  same  and  positive,  and  the  stock  of  saving  at  the 
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time  of  replacement  associated  with  the  different  prices  are  positive: 
(2)  the  consumption  and  housing  services  are  independent  items  in  his 
utility  function;   (3)  the  consumer's  time  preference  equals  the 
market  rate  of  interest;   (4)  the  new  house  yields  higher  use-value 
than  the  old  house,  then  an  increase  in  the  price  of  a  house  will  not 
delay  replacement,  provided  that  (5)  the  final  stock  of  wealth  does 
not  fall  for  the  given  replacement  time.   The  assumptions  imply: 


(1)     WT(P1)  =  WT(P2)  >  0;    St*(p  )5St*(p  }>  0 


r    v  2- 


92U(C  ,h  ) 
(2)     ■■■■  t..t  m 
3Ct8ht 


(3)     r  =  y 


(4)     hVP(T-b+l-t*(P1))^hOe-p[t*(P1)-t*] 


(5) 


dWT 
dP~ 


;>  0 

■k 

t   fixed 


then  P   <  P   implies   t*(P ,)  ^  t*(P2)  . 

Proof: 

(i)     To  show  that  the  present  value  of  utility  would  not  fall,  define 
t*(P.)  ?  vF[t*(P.)  ,P.  ]  ^  "ftt*^.  ]¥t*  ,     i  =  1,2.   And  note  that  assumptions 
(1)  and  (5) ,  and  Proposition  1  yield 

Y[t*(P1),P1]  £  V[t*(P1),P2]  . 


•k 

Thus  by  definition  of   t  (P)   we  obtain: 
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nt*(Pi),Pi]  <;  f[t*(P2),P2]  (1.14) 

Q.E.D. 

(ii)     To  show  t  (P1 )  ^  t  (P2)>   assume  the  contrary,  i.e.,   t*(P1)  <  t  (P9) 

Assumptions  (1) ,  (2)  and  (3)  ensure  the  optimal  consumption  sequences 
T  T 

1  9  T 

\C    <     and  JC J     are  identical  and  constant  over  time,  where  C    is 
*  t?t=l      l   \=1  t 

the  consumption  at  time  t   associated  with  price  P.. 

Case  1  Assume  T  =  t  (P„)  >  t  (P  ) ,   and  let   hr   be  the  use  value  of  a  house 

1    2 
at  time  t  associated  with  P..   Then  h  ^  h   V  t=l,...,T.   Thus 

J  t    t 

(i'[t*(P1),P1]  >  nt*(P2),P2]. 

Case  2  Assume  T  >  t  (P  )  =  t  (P  )  +  b  where  b   is  any  arbitrary  positive 
integer  such  that  the  inequality  above  is  satisfied. 
We  have 

(1)  hJ  =  ht        t  =  ! ^(Pj-1        (area  A  in  Fig.  1) 

(2)  h*  =  h^+b      t  =  t*(P1),...,T-b        (area  B  in  Fig.  1) 


(3)    h1 


„  ,  ,  ^  n4-*fp  ^    ^y  assumption  (4),  which  implies  that 

ht+T-b-t*(Pl)+l  ^  ht     l   =  t*(P1),...,t*(P1)+b-l 

(area  C  in  Fig.  1) 
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t*(Pj     t*(P,)+b 


T-b 


Time  Horizon 
,  2 


1 


fe 


i 


r 


~? 


# 


n  ))>)))>  >)))))  >  >  }  >  >>/>}>>  j,  A>  >  >  )i  >  >r7-rt 


:  <Lb 


■z&z 


#=^4 


~> 


>;;;;»»»)/?  >>»>»>))>i»m 


Thus  we  obtain 


FIGURE  1 

(Shaded  area  corresponds  to  the  use  value 
from  the  new  house) 


I 


t=t  (Px) 


t*(P1)+b-l 
UCC^hJm+y)1^  >  U(C^,h 


t=tx(P1) 


1  ^t+T-b-t^P^+l^^^1"" 


+ 


U(Ct»ht-b)(1+y  )1_t  *    2     U(C*,h*)(l+y)  X   t. 


t=t"(P1)+b 


t=t"(P1) 


Hence   Y[t  (P  ),P  ]  >  Y[t  (P  ),P  ],   contradicting  (1.14)  above.   Thus  we 
conclude   t  (P.)  ^  t  (P2). 

Q.E.D. 
Proposition  2-2 

Under  the  identical  assumptions  (1)  through  (4)  in  Proposition  2-1, 
the  increase  in  the  price  would  not  hasten  the  replacement  time,  provided 
that  (5)  the  final  stock  of  wealth  declines  for  any  given  t  . 

The  proof  is  analogous  to  that  for  Proposition  2-1,  substituting 

1   dWT 
(5  )  -rr-    I         <  0   for  (5)  and  using  Corollary  1  instead  of  Proposition  1, 

dP         *   r   .  , 

't   fixed 
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Next  we  consider  the  effect  of  change  in  the  rate  of  interest  on 
the  optimal  consumption  sequence  *C    4      and  the  optimal  replacement 


*  '*  t-1 


timing   t  : 

From    (1.10)    above  we  derive 

3U/3Ct     _/l  +  r\ 
^^1     \rTT/f0r     St*'WT   '    °     and     «-l,...,T-l.  (1.15) 

Differentiating  (1.15)  with  respect  to  r  we  obtain 

dC1  dC2  t  dC  T  dCT 

a.   — 3—  <   ana„  — j—  <   *    •    •    <  II     a.   —7-  <   •    '    •    <   II   a.   — —  (1.16) 

1     dr  1   2     dr  .    ,      1     dr  ,    ,    1     or 

1=1  x=l 

where  7  „ 

/1    +     \/  3   U/3(T   \ 

•'^fc^r°  c^3 T:  *1"1- 

Thus  it  is  clear  that  if  the  optimal  consumption  in  the  first  period  rises 
as  the  interest  rate  rises,  then  the  consumption  in  each  following  period 
will  also  rise.   On  the  other  hand  if  the  optimal  consumption  in  the  final 
period  falls  as  the  interest  rises,  then  so  does  the  consumption  in  each 
preceding  period.   Thus  we  obtain  Proposition  3  and  its  Corollary. 

Proposition  3. 

dCi 
For  given  t  ,   if   S  *,W  >  0,    then  — —  ^  0   implies 

(i) 


(ii) 


dC 

dr 

t   =   2 T 

dY        _ 
—  >    0   . 
dr 
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Proof: 

(i)     is  immediate  by  (1.16) 

d* 
(ii)    To  show  -—  >  0: 
dr 

Differentiating  (1.10)  with  respect  to   r  yields 


2    dC.       dWm  /,  .   \T-t  /,  .   \T-t-l, 

3  U 


„„2   d 
»C 


;  =  v"^(Hf)     +^>v'(fr7)      (rhh  a-17) 


dC 


From  (i)  we  have  —r^  >  0     t  =  2,...,T,   thus 

t  =  2,...,T        (1.18) 

dWT 

which  implies  — —  >  0.   Differentiate  (1.1)  with  respect  to   r   to  obtain 
dr 

-J1^^(1  +  P)1"t  +  V'^(1  +  M)1"T  a-19) 

df 
Thus  we  have  -7-  >  0. 
dr 

Q.E.D. 

Corollary  3 

*  dCT 

For  given  t   if   S  *,W  >  0,  then  — —  ^  0   implies 

dC 
(i)  dr^  <  °     t=l,...,T-l 

In  addition  if  the  final  stock  of  wealth  does  not  increase  as  the  rate  of 

dWT 

interest  rises,  i.e.,  1 —  <  0,  then 

dr  ~  /-n 

(11)  —  <  0  • 

As  in  the  previous  section,  a  change  in  the  final  stock  of  wealth  has 
a  significant  impact  on  the  change  in  the  consumption  sequence  and  the 
present  value  of  utility. 
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Proposition  4. 

dw^ 

T 

For  given   t   if   S  *,W_  >  0,   then  —7—  £  0   implies 

dC  dC 

(i)     -+   <  0     t  =  1,2,...,T-1  ;  —  <;  0  , 


(ID      g  <  0. 


Proof. 

Recalling  (1.17) 


dWT  a2   dC 

—7-  ^  0   implies  — -  —r—   >  0     t  =  1 , .  .  .  ,T-1   and 

dr  8C2   dr 

t 

32U  dCT  dCt  dCT 

— r  — t—  ^  0,   hence  -——  <  0  t  =  1, .  .  .  ,1-1  and  —7—  £   0. 

~n2  dr    '  dr  dr 

8CT 

d¥ 
By  the  equation  (1.19)  above,  we  have  -—  <  0. 

Q.E.D. 

The  next  logical  step  is  derivation  of  the  factors  involved  in  the 

d~3) 

determination  of  the  sign  ^  of  dC.  /dr  and  dC  /dr.   Expressing  the 
equation  (1.17)  explicitly  we  have, 

dC       dW 

U   -r-  =  a     -T-  +   a  (T-t)b  (1.20) 

tt  dr    t   dr    t 

T  dC 

=  a  B  -  a   I    (1  +  r)   t  -~  +  a  (T-t)b  Vt 
t=l 


where 


0tt  -  4  <  0.     *c  ■  V"(HfP  <  0  CX.20a) 


t 
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b  =  V'V(l+r) 


(1.20b) 


T-l,„   T.0, 


T-t-1 


B  =  TCl+^'^CS  -D^)  +  I    (T-tMl+r)1  Z"\ 

t=l 


(1.20c) 


+  (T-t>,c)(l+r)T"t   1(H°-)  +  d  I      (T-t,"-l+t)(l+r)T"t:   2+t 

t=l 

+   {l-(l+r)~1}      {(t*+E-T)(l+r)T"E-t"-1  ■  '"     ~.~*T-2t-t*-l 


+  (T-t")(l+r) 


-  t(l+r)  t"1}  {P  -  4>(P)}  -  (T-t*)(l+r)T  t*"1<}»(P) 


dW  T  dC 

(B  -  I    (l+r)^  -£) 


dr 


t=l 


dr' 


(1.20d) 


Collecting  terms  and  presenting  them  in  a  matrix  form,  we  have  Ax 

dC. 


b,      or 


T-l  T-2 

un+ai(1+r)         ax(1+r) 


T-l  T-2 

a2(l+r)  U22+a2(l+r)  • • •    a2 


dr 

dr 


aT(l+r)T~1  aT(l+r)T"2   •••   UTT+a 


ai(B+(T-l)b) 


a2(B+(T-2)b) 


dC„ 


dr 

J  L    J    L 


aT_1(B+b) 


amB 

T 


(1.21) 


The  determinant  of  A  and  the  typical  cofactor  of  A  are  given  by 


T        T 
,A|  -  n   U   +  I   ak(l+r) 
t=l      k=l 


T-k 


n  u 


tt 


(1.22) 
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A,.    =  -a.(l+r)T   i     n  U        tfj,  i,j=l,2,...,T  (1.23) 

ij  J  fXi    <      tt: 


t^i,j 


T-k 


A.,    =     H      U       +     I     a    (1+r)    "        n  u  i=l,2,...,T 

11        tfl      "        kH     k  ttfl.k     " 


Solving  for  dC  /dr  we  have 


dC.        a, 


di -  lA (B *v+b(T-J) "  u« +  b  i  ai(1+r)     "  .v(1-j)} 


j    =   1,2,. . . ,T. 


Thus 


dC„  T— i 


-  =  ji,  {B  n     U       +  b(T-l)    n     U       +  b   J  a.  (1+r)       "  n        U.(i-l)} 
r        |A|       t*L  t^l      "  lfl   X  tfi.l      " 

(1.25) 


It  is  clear  that  the  necessary  condition  for  dC  /dr   to  be  non-negative 
is  to  have  B  >  0.   Recalling  (1.20c)  we  note  the  difficulty  in  signing  B 
due  to  the  unknown  sign  pattern  of  saving   (s  ) .   It  can  be  said,  however, 
that  an  increase  in  the  initial  stock  of  saving   Sn  or  an  increase  in  the 
market  value  of  the  old  house  H  *,   or  a  decrease  in  the  initial  debt 
D_  will  have  a  tendency  to  increase  B  and  hence  consumption.   On  the 
other  hand  the  necessary  condition  for  dC  /dr   to  be  non-positive  is  to 
have  B  <  0  as  can  be  seen  by  choosing  j  =  T   in  the  equation  (1.24). 

Finally,  although  the  conventional  wisdom  accepts  that  an  increase  in 
the  mortgage  rate  of  interest  will  cause  a  decrease  in  home  buying,  (a 
delay  in  t   in  our  terms)   we  show  in  the  following  proposition  that  there 
exists  a  set  of  market  conditions  such  that  an  increase  in  r  hastens 
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replacement.   This  situation  obtains  if  a  purchase  is  actually  made  during 
the  time  period,  if  the  debt  payment  period  is  relatively  long,  and  if  the 
final  period  outstanding  debt  as  a  result  of  the  increase  in  the  rate  of 
interest  is  less  than  or  equal  to  that  at  the  original  rate.   This  latter 
condition  may  obtain  for  example,  when  there  exists  an  effective  total 
debt  constraint  with  respect  to  the  end  of  the  horizon    (T)   at  the  original 
interest  rate. 

Although  certainly  not  directly  applicable  in  a  policy  sense  because 
of  the  non-general-equilibrium  nature  of  the  model,  this  may  indicate  an 
area  for  potentially  fruitful  policy  research  in  the  housing  market. 

Proposition  5 

If  (1)   t   is  such  that  (t*+t-T)  ln(l+r)  ;>  1 

(2)   D^)  =  D^(r2)  =  D 

then     r      <   r        implies      t    (r   )    >   t    (r   )  for     V   t    (r   )    <  T. 

Proof: 

(i)     To  show  — —  >   0: 

dr   t*  fixed 

Differentiate  equation  (1.4b  )  with  respect  to   r   to  obtain 


dDT        (       1       )    , 

1  =  (P_0)J _ W(t*}  (1.26) 

dr        ((l+r)t+1-(l+r)) 
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where 

K(t*)    =  (t*+E-T)(l+r)T-t   -  B(t*)t 

T-t*-t 
B(t*)  .  1  -  (!■*»)    J 

1  -  (l+r)_t 

d£  * 

Since  £(T)  =  0  and  by  the  assumption  (1)  — -.  <   0,   we  have  £(t  )  >  0 

,J  dt* 

*  dDT 

t  e[l,T],   which  implies  —r-   ;>  0.   (Equality  holds  for  t*=T) 

1  * 

(ii)    By  differentiating  D   with  respect  to   t   we  have 

dDT  HR 

Thus  assumption  (2)  implies 


t*(rx)  >  t*(r2)     for  r1  <  r_, 


Q.E.D. 
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V.   CONCLUDING  REMARKS 

We  have  formulated  a  model  in  which  the  consumer  maximizes  the  discounted 
present  value  of  utility  with  respect  to  the  consumption  time  path  and 
replacement  timing.   We  note  that  the  derived  optimal  time  path  crucially 
depends  upon  the  ratio  of  the  interest  rate  to  the  subjective  time 
preference,  and  that  the  time  path  will  shift  either  upward  or  downward 
depending  upon  the  magnitude  of  the  "wealth  effect"  as  the  price  of  new 
housing  changes.   The  ambiguity  involved  seems  to  be  typical  of  that  asso- 
ciated with  any  utility  analysis. 

The  optimal  replacement  time  is  characterized  in  terms  of  its  sensitivity 
to  the  changes  in  parameters  such  as  the  price  of  a  new  house  and  rate  of 
interest.   It  is  shown  that  one  cannot  unequivocally  determine  the  direction 
of  change  in  the  replacement  timing  as  the  parameters  change.   The  "wealth 
effect,"  debt  constraints,  and  "financial  position"  must  all  be  taken  into 
account. 

Even  though  the  analysis  here  is  confined  to  the  situation  where 
replacement  takes  place  once  at  most,  the  model  can  be  generalized 
to  handle  n   replacements   (n  =  o,l,...,T). 
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FOOTNOTES 


1.  Following  the  pioneer  work  of  J.S.  Taylor  [7]  and  Harold  Hotelling 
[5],  Gabriel  Preinreich  [6]  introduces  the  important  concept  of 
the  replacement  chain,  which  shows  that  the  economic  replacement 

of  a  machine  is  affected  by  the  entire  chain  of  successive  renewals 
over  the  firm's  planning  horizon.   Armen  Alchian  [1]  considers 
the  replacement  problem  in  the  explicit  functional  framework  and 
shows  the  simple  algorithm  of  the  solution.   Dynamic  programming 
technique  is  successfully  applied  by  Richard  Bellman  [2],  and 
further  extended  by  Stuart  Dreyfus  [3],   Dreyfus  presents  a  general 
solution  to  the  problem  of  evaluating  the  decision  to  keep  or  to 
replace  involving  a  finite,  fixed  time  horizon  model. 

2.  Although  some  studies  have  been  made  concerning  the  optimal  life  of 
consumer  durables  (A.H.  Fox  [4],  A. A.  Alchian  [1],   Unfortunately 
those  studies  are  not  dealt  with  in  the  more  appropriate  framework 
of  inter-temporal  utility  maximization. 

3.  The  relevance  of  such  study  to  the  demand  for  consumer  durables  has 
been  neglected  in  the  past.   However  such  study  will  certainly  shed 
some  light  on  the  hitherto  obscure  relationship  between  the  compo- 
nents of  the  demand  for  durables. 

4.  In  contrast  to  the  firm  and  organization,  probably  it  is  more 
appropriate  to  assume  a  finite,  fixed  time  horizon  for  the  consumer 
theory.   Expected  remaining  life  length  may  constitute  the  upper 
bound  for  the  horizon. 

■k 

5.  That  is,  in  determining  the  optimal  replacement  time,   t  ,   if  it 
turns  out  that   t   >  T,   the  end  of  his  finite  horizon,  he  will 
keep  his  present  home. 

6.  If  the  consumer  owns  a  house  completely  then  d   and  the  initial 
outstanding  debt,  are  both  equal  to  zero. 

7.  Since  D  =  (1+r)  D    -  d. 

8.  We  assume  that  the  date   (t  +t)   when  the  consumer  completes  his 
debt  paument  is  farther  than  the  time  horizon  T.   Note   t   is 
given  by 


t*+t 


(l+r)t  {P-0(P)}  -  f(P)    I        (l+r)1"  l       -  0, 

t=t*+l 

Thus   f(P)  can  be  expressed  by  the  following 
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f(P)  =  {P-0(P)}{ -.}. 

1  -  (1+r)  t 

Substitution  of  the  above  into  (1.4b)  yields  (1.4b'). 

9.   We  will  only  consider  the  case  where  C   >  0  Vt.   This  is  possible  by 
assumption  (1.8b)  below 

(3/3Ct)U(0,ht)  =  oo  . 

10.  For  this  reason  one  can  derive  the  characterization  by  means  of 
control  theory  when  the  problem  is  set  up  in  continuous  form.   In 
fact  he  can  derive  exactly  the  same  result.   However,  for  the 
continuous  case,  it  is  not  possible  to  perform  the  step  B,  which 
is  only  possible  for  the  discrete  and  finite  time  period  problems. 

11.  It  can  be  shown  that  if  the  market  value  of  the  new  house  does  not 

depreciate  substantially  and  if  the  market  value  of  the  old  house 

is  more  sensitive  to  the  change  in  the  price  of  a  new  house,  then 

the  final  stock  of  wealth  may  not  fall  as  the  price  of  a  new  house 

rises,  i.e.   if  we  define  "wealth  effect"  to  be  the  sum  of  dH  . /dP 

1     1  t* 

and  Y  (*)h;r  in  the  equation  below  the  presence  of  a  strong 

"wealth  effect"  would  lead  to 


dWT  dWT 

dP~  "  °  Since  dP~ 


t*=const 


_  *  dH°* 
=  (l+r)T-t*{-^  -  4>'(P)}  +  yV)^  -  U-V(P)}B(t*) 


12.   We  are  grateful  to  the  referee  for  pointing  out  an  error  in  the 
original  construction  of  Corollary  3. 


13.   The  exact  conditions  to  ensure   (dW  /dr)  ^  0   are  unknown; 
however,  the  situation  where 


B  ^  I    (l+r)^ 


t=l 

which  is  equivalent  to 


dr 


dWrj, 


£  0 


dr 
occurs  is  certainly  conceivable. 
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14.   This  would  also  cover  the  case  in  which  the  lifetime  number  and 
expected  dates  of  housing  purchases  were  the  object  of  the 
consumers  decision  process.   However,  the  present  model  can  cer- 
tainly be  considered  as  a  "lifetime"  model  for  those  prospective 
buyers  say  over  50,  and  the  complexity  of  the  general  case  pro- 
hibits its  exposition  here. 
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